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Abstract. The usual drift diffusion equation is not suitable to model hot electrons transport in 
semiconductors. On the contrary hydrodynamic systems take into account that the electronic 
temperature is different from the temperature of the thermal bath. The aim of this paper is 
to give explicit formulas for the coefficients of the hydrodynamic equations. Starting with the 
Boltzmann equation, the classical moment method and a scaling argument give hydrodynamic 
systems of arbitrary large accuracy. 
1. THE BOLTZMANN EQUATION 
The Boltzmann equation (BE) models the electrons transport on a microscopic level. Let us 
notice the electronic distribution by f = f(t,x,v). It satisfies the following kinetic equation 
,r,v)+vi~(t,r,V)-~Ej~(t,~,v) = Q(f)(t,z,v), t > 0, 2 ERR, v E R~. (BE) 
The constant q is the elementary charge, m* is the effective mass of electrons, E is the 
electric field and the operator Q is the Boltzmann operator which take into account the 
interactions of electrons with the lattice. Its essential properties are the two following ones. 
(i) Mass conservation. For any function f we have : JR, Q(f)dv = 0. 
(ii) Relaxation towards a maxwellian. For any function f, Q(f) = 0 iff f = pM(v). 
The maxwellian M is given by 
M(v) = (nTo)-L,(-;). 
The constant 0 is equal to 9 where Ii B is the Boltzmann constant and To is the temper- 
ature of the lattice. From the knowledge of the distribution f, we obtain the macroscopic 
quantities by calculating moments of f with respect to velocities. Let p be the concentra- 
tion, u the mean velocity and e the internal energy related to the electronic distribution. 
We obtain 
P= 
J 
fdv, puj = J vifdv, pe= Rd Rd J Rd ;f v - p;. 
hlore generally, let us introduce the moment m,, where (Y is a d-index, by the relation 
pm, = J a1 v1 ..vdQd fdv. (3) nd 
A hydrodynamic model consists of equations where the unknowns are these moments. In 
all the sequel, we denote wi the d-index such that wj = bi,j where 6i,j is the Kronecker’s 
symbol. We will also often used the notation mi,,., k instead of m, with CY = wi + . . + wk. 
The order 1 CY 1 is given by 1 a I= cq + . . + ad. 
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2. THE MOMENT METHOD 
A well-known method to obtain hydrodynamic equations from the (BE) is the moments 
method (see [l] or [2]). It consists of multiplying the (BE) by vVQ and integrating with respect 
to TJ. An integration by parts leads to the following result 
The source term Qa is given by 
Now let us consider the system of order n consisting of the equations (4) for 1 a I< n - 1. 
The closure of this system will be obtain if the state equations giving mp, 1 p I= n, and 
Qo, I a I< n - 1, in terms of the moments m,, I a I< n - 1, are known. These state 
equations are impossible to be obtained without supplementary assumptions. Indeed the 
(BE) can not be reduced to a finite system of macroscopic equations. 
We will first consider a simplified Boltzmann operator. The model that we obtain is then 
referred as the relaxation time model. As in [1,2] this relaxation ansatz leads to an explicit 
formula for the source terms QcI. 
Hence, from now on the collision operator is given by 
Q(f) = &PM - f). (6) 
The relaxation time 7 is a positive function assumed to be known. In view of (5) and (6) 
we immediately obtain 
Qa = &WY - m,), ,..=(2~):J,~u”exp(-~)du. (7) 
It remains to find the state equation for the moments mp, I p I= n + 1. 
3. SCALING OF THE BOLTZMANN EQUATION 
As in [4], we introduce a small parameter E which is the mean free path of a hot electron 
divided by the characteristic length of the semiconductor device under consideration. Then 
it is clear that the models that we investigate do not take into account ballistic electrons. 
However, high field effects which are impossible to model by t,he drift diffusion equations 
are included in hydrodynamic systems. We now precise the scaling which will lead to this 
conclusion. Let us introduce some reference quantities. We denote ‘Uth the thermal velocity, 
vth = 6, and we denote by V, a characteristic value of the velocity of electrons. Let us 
remark that we obtain the usual drift diffusion equation under the assumption that the 
distribution of electrons is locally a maxwellian. In this case we get v,. = wth, which means 
that there are no hot electrons. On the contrary our analysis will include the case V, > vth. 
The time 7r is the characteristic relaxation time and E, the characteristic value of the 
electric field. The mean free path is then given by I, = v,.T,.. Let now lo be a reference 
length, we note E = 2. We choose to as being to = 3. Then the resealing 
t V E 
t+-- 
X 
to 
x+- 
IO 
v-+- E-t- r-L 
21, E, 77 
leads to the following Boltzmann equation 
The maxwellian A4 is now equal to (2nv)-*exp 
number A is defined by 
with 17 = (2) 2. The nondimensional 
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A = c%L d-%-Tv -=-. 
m*Vr2 m’v, 
Since we assume that the parameter E is small, the characteristic velocity of electrons might 
be chosen as the thermal velocity ve of the homogeneous solution of the stationnary Boltz- 
mann equation. From an easy computation it follows that the drift velocity v& of such a 
solution is equal to 
and we get 
We point out that the case vdr << 21th lead to the classical drift diffusion equation. Since we 
are interested in modelling hot electron transport, we assume that v&. has the same order 
of magnitude as 21th or that v& is larger than vth. It follows that ‘Y, and v& have the same 
order of magnitude. Although the choice v, = o, is more natural, the choice v, = vdr is 
justified by the above consideration. This choice leads to simplifications and it will kept in 
all the sequel. Hence we get 
A= 1, q = O(1). 
With this scaling the equations (4) become 
E $(pnaa) + &(pm,tui)) + aiEipm,-,i = -$~p(y~q~ - m,). 
4. HYDRODYNAMIC SYSTEMS 
From the equation (8) we deduce that least formally 
m cr= -TcYiEima--ws + raqq + O(E) I Q I>_ 1. 
Let us notice that we obtain 
tti = -TEi + O(E). 
Then the equation (9) can be replaced by 
m, = --Qi%m,-,~ + raq++ + O(E) I Q II 2. 
Now let US consider the following hydrodynamic system of order n 
(9) 
(10) 
(11) 
We assert that the solutions ~(“1, m&“) of the equations (Hn) are good approximations of 
the moments p, m, of the distribution f which is solution of the (BE). More precisely we 
formally obtain 
p(“) = p + O(&“) 
m&n) = m, + O(.P+l-lal), 1 <I ff I< n. 
(12) 
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Indeed let us notice 
p(n) - p 
7-o = - 
En ’ 
p 
Q 
= p(“)m&“) -pm,
p+l-la1 ’ 1 <I a I< n. 
In view of (S), (9) (or (11)) and (Hn), the remainders P, satisfy 
{ 
rp = O(1) - .cr/3iEirp-wtr I P I= n. 
r Q= -T&(T,_,i) - ET (&(rQ) + aiEiTa_ws) , 1 <I CY 15 n - 1. 
a 
&o+= I r’ = 0. 
Beginning with the first equation we deduce that T = O(1) + &O(T) and we finally obtain 
P = O(1) which gives the desired result. 
5. THE THREE FIRST SYSTEMS 
We now return to the original variables. The system of order 1 is just the conservation 
equation 
ZP + &(P”i) = 0, 
supplemented by Ohm’s law ui = - SrEi. Both p and u are computed with a precision of 
order O(E). This equation has rigorously (from a mathematical point of view) been obtained 
in [4]. 
The system of order 2 is more interesting. We obtain 
&P + &(PUi) = 0. 
&(PW) + &(PW,j) + $EiP = -&PUi 
The state equations are 
I~BTo 
m;,j = --$I(EiUj + Ejui) + 76i,j or equivalently mi,j = 2UiUj + F&j. (12) 
Let us remark that the stress tensor is not the one of a perfect gas. Indeed we have 
Pi,j = PUiUj + 
1-B To 
TPSi,j, 
In the same way the internal energy is given by e = $ + 7 m. dme The fact that the internal 
energy depends on the velocity seems surprising. But in view of (10) we can replace the last 
expression, without disturbing the accuracy of the hydrodynamic model, with 
e = ---&E(Tu) + iy P 
( > 
2 r2E2 d KBTO 
ore= - 
m* 2+2mf 
Then the first term appears as an internal energy due to the electric field while the second 
is derived from the Boyle’s law. This consideration suggests to write the state equation 
mi,j = uiuj + Fbi,j + (y’)2 EiEj 
m+ (13) 
instead of (12) . In 1D the corresponding systems has been studied in [3]. But the above 
analysis do not allow to predict what is the best state equation. 
The system of order 3 gives the concentration and the velocity with a precision of O(E~). 
The equations read 
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gP+ &(PzLi) = 0. 
&(P”i> + &(pW,j) + $Eip = -+pui. 
g(Pmi,j) + &(Pmi,j,l) + $P(Eiuj + EjUi) = -$pmi,j + ~p~~i,j 
The state equations are 
??lijl=- 
, I $T(Eimj,r + Ejmi,l + Elmif) or mi,j,r = (uimj,l + ujmi,l + U,mi,j) 
or every equations obtained from the above relations by using (10). This system is very 
similar to this one obtained in [2]. 
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